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Abstract 

Let / be a smooth map between unit spheres of possibly different 
dimensions. We prove the global existence and convergence of the 
mean curvature flow of the graph of / under various conditions. A 
corollary is that any area-decreasing map between unit spheres (of 
possibly different dimensions) is homotopic to a constant map. 

1 Introduction 

Let Si and E2 be two compact Riemannian manifolds and M = £1 x £ 2 be 
the product manifold. We consider a smooth map / : Ei — > £ 2 and denote 
the graph of / by E; £ is a submanifold of M by the embedding id x /. In 
[T7j . [IS], and [11], the second author studies the deformation of / by the 
mean curvature flow (see also the work of Chen-Li-Tian 2J). The idea is to 
deform E along the direction of its mean curvature vector in M with the hope 
that E will remain a graph. This is the gradient flow of the volume functional 
and a stationary point is a "minimal map" introduced by Schoen in J2]- in 
|19j . the second author proves various long-time existence and convergence 
results of graphical mean curvature flows in arbitrary codimensions under 
assumptions on the Jacobian of the projection from E to £1. This quantity 
is denoted by *Q in [F3\ and *0 > if and only if E is a graph over Ex by 
the implicit function theorem. A crucial observation in is that *Q is a 
monotone quantity under the mean curvature flow when *Q > -^=. 
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In this paper, we discover new positive geometric quantities preserved 
by the graphical mean curvature flow. To describe these results, we recall 
the differential of /, df, at each point of Si is a linear map between the 
tangent spaces. The Riemannian structures enables us to define the adjoint 
of df. Let {Xi} denote the eigenvalues of a/ (df) T df, or the singular values of 
df, where (df ) T is the adjoint of df. We say / is an area decreasing map if 
XiXj < 1 for any i ^ j at each point. Under this condition, the second author 
proves the Bernstein type theorem [21] and interior gradient estimates [22] 
for solutions of the minimal surface system. It is also proved in [2H] that 
the set of graphs of area-decreasing linear transformations forms a convex 
subset of the Grassmannian. We prove that this condition is preserved and 
the following global existence and convergence theorem. 

Theorem A. Let Ei and E 2 be compact Riemannian manifolds of constant 
curvature k\ and k 2 respectively. Suppose k\ > \k 2 \ and ki + k 2 > 0. If f is 
a smooth area decreasing map from Ei to E 2; the mean curvature flow of the 
graph of f remains the graph of an area decreasing map, exists for all time, 
and converges smoothly to the graph of a constant map. 

The following is an application to determine when a map between spheres 
is homotopically trivial. 

Corollary A Any area- decreasing map from S n to S m with m > 2 is 
homotopically trivial. 

We remark that the result when m = 2 is proved by the second author 
in (20] using a somewhat different method. The higher homotopy groups 
7r n (S m ) has been computed in many cases and it is known that homotopically 
nontrivial maps do exist when n > m. Since an area-decreasing map may 
still be surjective when n > m, we do not know any topological method that 
would imply such a conclusion. 

We would like to thank Professor R. Hamilton, Professor D. H. Phong and 
Professor S.-T. Yau for their constant advice, encouragement and support. 

2 Preliminaries 

In this section, we recall notations and formulae for mean curvature flows. Let 
/ : Ei — > E 2 be a smooth map between Riemannian manifolds. The graph 
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of / is an embedded submanifold S in M = Si x S 2 . At any point of S, the 
tangent space of M, TM splits into the direct sum of the tangent space of 
S, TS and the normal space AS, the orthogonal complement of the tangent 
space TS in TM. There are isomorphisms TSi — > TS by X i— ► X + df(X) 
and TS 2 -> AS by y ^ Y - (df) T (Y) where (d/) T : TS 2 -> TSi is the 
adjoint of df. 

We assume the mean curvature flow of S can be written as a graph of 
ft for t G [0, e) and derive the equation satisfied by f t . The mean curvature 
flow is given by a smooth family of immersions F t into M which satisfies 

v dt ' 

where H is the mean curvature vector in M and denotes the projection 
onto the normal space AS. Notice that we do not require 7^ is in the 
normal direction since the difference is only a tangential diffeomorphism (see 
for example White [2I| for the issue of parametrization). By the definition 
of the mean curvature vector, this equation is equivalent to 

at ox 3 

where A 2 - 7 is the inverse to the induced metric Ay = (f-r, §^j) on S. 
In terms of coordinates {y A } A=i-n+m 011 M, we have 

AWr7 dF , ij/ d 2 F A dF B dF c ,.d 
A V of = A ( r ) 

~a3 dx % dx % dxi dx % dxi dy A 

where is the Chistoffel symbol of M. 

By assumption, the embedding is given by the graph of f t . We fix a 
coordinate system {x 1 } on Si and consider F : Si x [0, T) — > M given by 

F( x \--- ,x n ,t) = ( x \--- ,x n ,r+\--- ,r +m ). 

We shall use i,j,k,l--- = 1 • • • n and a, ft, 7 = n + 1 • • • n + m for the indexes. 
Of course f a = f a {x l , • • • , x n , t) is time-dependent. 
Therefore § = and 

dx l dxi dx l dxi BC dy A dx l dx J ' dy a ^ dy l dx l dxi 131 dy a 
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Thus the mean curvature flow equation is equivalent to the normal part 

of 



[ dt y dx i dxi ' dx i dxi ^ n dy a ij dy l 

is zero. 

dy l dy 



Now given any vector a 1 -^ + b a J^, the equation that the normal part is 



zero is equivalent to 

■ df a 

b a -a l ^- = 2.1 

dx l y ' 

for each a. Therefore we obtain the evolution equation for / 

at K dx* dxi dx* dxi ^dx 1 ' K } 

where A lJ is the inverse to + Kp^£c^ and g i5 = ^j) and = 
' p) are t ne Riemannian metrics on Si and E 2 , respectively. 
This is a nonlinear parabolic system and the usual derivative estimates 
do not apply to this equations. However, the second author in [TJ] identifies 
a geometric quantity in terms of the derivatives of f a that satisfies the max- 
imum principle; this quantity and its evolution equation are recalled in the 
next section. 



3 Two evolution equations 

In this section, we recall two evolution equations along the mean curvature 
flow. The basic set-up is a mean curvature flow F : E x [0,T) — > M of 
an n dimensional submanifold E inside an n + m dimensional Riemannian 
manifold M. Given any parallel tensor on M, we may consider the pull- 
back tensor by F t and consider the evolution equation with respect to the 
time-dependent induced metric on F t (E) = E t . For the purpose of applying 
maximum principle, it suffices to derive the equation at a space-time point. 
We write all geometric quantities in terms of orthonormal frames keeping 
in mind all quantities are defined independent of choices of frames. At any 
point p G E t , we choose any orthonormal frames {ej}j = i...„ for T p E t and 
{e a }a=n+i-n+m for N p H t . The second fundamental form h ai j is denoted by 
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h a ij = (V^ej, e a ) and the mean curvature vector is denoted by H a = ^ h a u- 
For any j, k, we pretend 

h"n+i,jk 

if i > m. 

When M — Ei x E 2 is the product of £1 and E 2 , we denote the projections 
by Tii : M — > and 7r 2 : M — > E 2 . By abusing notations, we also denote 
the differentials by 71*1 : T p M — > T^^Ej and 7Ti : T p M — ► T jr2 ( p )E 2 at any 
point p G M. The volume form of Ei can be extended to a parallel n-form 
on M. For an oriented orthonormal basis e± ■ ■ ■ e n of T P E, Q(e\, • • • , e n ) = 
Q(7Ti(ei), • • • , 7Ti(e„)) is the Jacobian of the projection from T P E to T^^Ei. 
This can also be considered as the pairing between the n-form Q and the 
n- vector e% A • • • A e n representing T p E. We use *Q to denote this function 
as p varies along E. By the implicit function theorem, *Q > at p if and 
only if E is locally a graph over Ei at p. The evolution equation of *Q is 
calculated in Proposition 3.2 of j!9j . 

When E is the graph of / : E x — > E 2 , the equation at each point can 
be written in terms of singular values of df and special bases adapted to df. 
Denote the singular values of df, or eigenvalues of (df) T df, by {Aj}; = i... n . Let 
r denote the rank of df. We can rearrange them so that A, = when i is 
greater than r. By singular value decomposition, there exist orthonormal 
bases {aj}j = i... n for T^^Ei and {a a } a=n+h .. n+m for 2V 2 (p)E 2 such that 

df{a>i) = \a n +i 

for i less than or equal to r and df(a,i) = for i greater than r. Moreover, 

7= x2 {a-i + Ka n+i ) if 1 < i < r 
V 1+A ? (3.1) 
di ifr + l<2<n 

becomes an orthonormal basis for T P E and 




==(fln+p - K a p) if 1 < P < ^ 

a n+p if r + 1 < p < m 



(3.2) 



becomes an orthonormal basis for N P H. 
In terms of the singular values Aj, 



*Q = 1 = (3.3) 

vTE=i(i + Ajf) 
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With all the notations understood, the following result is essentially derived 
in Proposition 3.2 of [JJ5] by noting that (\n*Q) k = — Q^i Khn+i,ik)- 



Proposition 3.1 Suppose M = Si x £ 2 and £1 and £2 are compact Rie- 
mannian manifolds of constant curvature k\ and k2 respectively. With respect 
to the particular bases given by the singular value decomposition of df , In *Q 
satisfies the following equation. 

^Jt ~ A ) ln * fi = + X i k n+i,ik + 2 Y1 X i X 3 h n+j,ikhn+i,jk 

a,i,k k,i k,i<i 

r„ . . . . (3 ' 4) 

n) 



Next we recall the evolution equation of parallel two tensors from [To] . 
The calculation indeed already appears in [T7]. The equation will be used 
later to obtain more refined information. Given a parallel two-tensor S on 
M, we consider the evolution of S restricted to £t. This is a family of time- 
dependent symmetric two tensors on £4. 

Proposition 3.2 Let S be a parallel two-tensor on M. Then restriction of 
S to £ t satisfies the following equation. 

( 3£ ~~ A)5V,- = —h ai iH a Sij — h a jiH a Su 

1 p c _i_ p c (3-5) 

1 J^kika^aj * Jr ^kjka' J ai 

~t~ h a kih a kiSlj + h a klh a kjSli 'ZhakihpkjSafl 

where A is the rough Laplacian on two-tensors over £ t and S a i = S(e a , e^), 
S a /3 = S(e ai ep), and Rkika = -R(e/c, ej, e^, e Q ) is the curvature operator of M 



The evolution equations ()3.5|) of S can be written in terms of evolving 
orthonormal frames as in Hamilton [8j. If the orthonormal frames 

F = {F U --- ,F a ,--- ,F n } (3.6) 

are given in local coordinates by 

F =F— 
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Let S a b — SijF^F^ 
following equation 



be the components of S in F. Then S a b satisfies the 



d 
df 



A)S ab 




aa 



(3.7) 




4 Preserving distance-decreasing condition 

In this section, we show the condition \df\ < 1 , or each singular value Aj < 1, 
is preserved by the mean curvature flow. The tangent space of M = Si x S2 
is identified with TSi © TS 2 . Let 7Ti and tt 2 denote the projection onto the 
first and second summand in the splitting. We define the parallel symmetric 
two-tensor S by 



for any X, Y G TM. 

Let E be the graph of / : Si — > Si x £ 2 . S restricts to a symmetric 
two-tensor on S and we can represent S in terms of the orthonormal basis 



S(X,Y) = (7ri(X),7nOO) - (n 2 (X), tt 2 (Y)) 



(4.1) 



(EH). 



Let r denote the rank of df. By (|3.1|) . it is not hard to check 






for 1 < i < r , 



(4.2) 



and 7Ti(ej) 



o» ,T2(ei) 



for r + 1 < z < n. 



Similarly, by ()3.2j) we have 





for 1 < p < r 



(4.3) 



and 7Ti(e n+p ) = ,7r 2 (e„ +p ) 



a n+p for r + 1 < p < m . 
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From the definition of S, we have 



f — A 2 

1 + Aj 



In particular, the eigenvalues of S are 

1^4,»=l... n . (4.5) 
Notice that 5 is positive-definite if and only if 

\K\ < i 

for any singular value Aj of rff. 

Now, at each point we express S in terms of the orthonormal basis 
{ej}j = i... n and {e Q } Q=n+ i... n+m . Let lfc X & denote a k by k identity matrix. 
Then S can be written in the block form 



S = (s(e k ,ei] 



Kk.Kn+ra 



/BOD \ 

I n — r xn—r 

D —5 

\0 o o / m _ rxm _ r y 



(4.6) 



1— A 2 

where I? and D are r by r matrices with = S(ei,ej) = and 
Dij = S(ei, e n+ j) = TrriSij for 1 < i, j < r. We show that the positivity of S 

' i 

is preserved by the mean curvature flow. We remark that a similar positive 
definite tensor has been considered for the Lagrangian mean curvature flow 
in Smoczyk ^3] and Smoczyk-Wang [To] . 

Lemma 4.1 The condition 

Tij = Sij — egij > for some e > (4.7) 
is preserved by the mean curvature flow if k\ > fal- 

Proof. We compute the evolution equation for Ty. From Proposition (|3.2|) 
and 

d 
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we have 

, d 



dt A)Til ~ hailHaT ti f ^i H «Tii + Rkik a S aj + R kj k a Sai (4g) 



+ h a kih a kiTij + hakihakjTu + 2eh a kih 



kj- 



l-akj 



2h a f C ihpkjS a f3. 



To apply Hamilton's maximum principle, it suffices to prove that iVy V V V^ > 
for any null eigenvector V of Ty, where iVy is the right hand side of (|4.8jl . 
Since V is a null eigenvector of 2y, it satisfies ^2jTijV^ = for any z, and 
thus NijV l V^ is equal to 



2eh a kih a kjV l V J + 2i? fcifcQ ,S' ai -l /i V^ — 2h a kihgkiSa0V % V J 



I'kika'Jaj 



aki 



(4.9) 



Obviously, the first term of (|4.9jl is nonnegative. Applying the relation in 
()4.6|) to the last term of ()4.9|) we obtain 

~2h a kihpkjS a pV l V^ = ^ ] 2h n j r p] t ih n j rq kj S pq V l V :> ' + ^ ] 2h n+p kih n+q kjV l V^ 

Since T P9 > implies that 5 P9 > ep P9 , we obtain —2h a kih/3kjS a i3V' t V : ' > 0. In 
the next lemma we show that RkikaS a j is nonnegative definite whenever £y 
is under the curvature assumption k± > |fc 2 |. 

□ 



Lemma 4.2 

RkikaSaj 



A? 



2N2 



(fc 1 _fc 2 )( n -l) + (A; 1 + ^)^- 



kj^i 



+ A1 



<V (4.10) 



Proof. We follow the calculation of the curvature terms in |T9"] . 



^ ^ R{&ai Cfc, Cfc, £j) 

: 2^ Hi(7Ti(e a ), 7Ti(ejfc), 7Ti(e fc ), 7Ti(ej)) + R 2 (rc 2 (e a ), 7r 2 (e fc ), 7r 2 (e fe ), 7r 2 (ej)) 
: ^fei (7Ti(e a ), vr 1 (e fc ))(vr 1 (e fc ), ^(e;)) - (vri(e a ), 7Ti(e i ))(vr 1 (e fc ), 7Ti(e fc )) 



+ fc 2 (7T2(e Q! ),7r2(e fe ))(7r2(e fe ),7r 2 (e i )) - (7r 2 (e Q ), 7r 2 (ej))(7r 2 (e fc ), vr 2 (e fc )) 



Notice that (tt 2 (X), tt 2 (Y)) = (X,Y) - (tv 1 (X),tv 1 (Y)) since TEi 1 T£ 2 . 
Therefore 

^ ^ -/^(Cq,, 6^, 6^, 6j) 

= yXfa + fe 2 ) (vri(e a ),7ri(e/ c ))(7ri(e fe ),7Ti(e i )) - {-Ki{e a ), 7ri(e;))|7Ti(e fe )|' 



+ fc 2 (n - l)(7r 1 (e Q! ),7r 1 (e i )) 

Now use 7Ti(e a ) = -\ p -Ki{e p )5 a , n+p and ^(e^, e n+p ) 
have 



in ()4.6|) . we 



a,k 



p.k 



: E |a p (/ci + fc 2 ) [(7ri(e p ),7ri(e fc ))(7Ti(e fc ),7ri(ei)) - (/Ti(e p ), tti (e^)) |tti (e fc ) | 2 ] 
p,fc 



+ A p /c 2 (n - l)(7ri(e p ),7ri(e i )) ^£ n +p,j 



2A? 



1 + Ai 



(&i + k 2 ) 
6i 



(1 + A, 2 ) 2 



1 + V 

Recall that | vri (e^) | 2 = and we obtain 



2\% 3 



(k l + k 2 )(Y^ T ^) + h(l-n) 

k^i k 



This can be further simplified by noting 

(fci-fcXn-l) 

+ A fc 



(A:i + fc 2 )(^ r ^) + ^ 2 (l 



kj^i 



1-Aj 
2(1 + A 2 
(4.11) 



where we use the following identity for each i 

n — 1 

. > ( _ 



(E— 
^ 1 + 



E( i + A 2 2 ) E 



'2(1 + A 



2\ • 



□ 
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5 Preserving area-decreasing condition 



In this section, we show that the area decreasing condition is preserved along 
the mean curvature flow. By ([4.5)1 . the sum of any two eigenvalues of S is 

1-A? , 1-Af 2(l-A?Aj) 

1 + A? + 1 + AJ (1 + Af)(l + Aj) ■ l ' J 

Therefore the area decreasing condition |AjAj| < 1 for % ^ j is equivalent to 
the two-positivity of S, i.e. the sum of any two eigenvalues is positive. We 
remark that curvature operator being two-positive is preserved by the Ricci 
flow, see Chen [I] or Hamilton [S] for detail. 

The two-positivity of a symmetric two tensor P can be related to the 
convexity of another tensor P^ associated with P. The following notation 
is adopted from Caffarelli-Nirenberg-Spruck Let P be a self-adjoint op- 
erator on an n-dimensional inner product space. From P we can construct a 
new self-adjoint operator 

k 

p[k] = 

i=l 

acting on the exterior powers A k by 

k 

P [k \ui A • • • A uo k ) = J^Wi A • • • A P{uJi) A • • • Auj k . 

i=l 

With the definition of P^ , we have the following lemma. 

Lemma 5.1 Let (jli < [ii < • • • < fi n be the eigenvalues of P with corre- 
sponding eigenvectors v± • ■ • v n . Then P^ has eigenvalues /x^ + • • • + \ii h and 
eigenvectors v ix A • • • A v ik , i\ < i 2 ■ ■ ■ < ik- 

Recall that the Riemannian metric g and S are both in TS TE, the 
space of symmetric two tensor on E. We can identify S with a self-adjoint 
operator on the tangent bundle through the metric g. Therefore and g^ 
are both sections of (A 2 (T£))* A 2 (TS) associated to S and g respectively. 
We shall use orthonormal frames in the following calculation; this has the 
advantage that g is the identity matrix and we will not distinguish lower 
index and upper index. With the above interpretation and (|5.ip . we have 
the following lemma. 
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Lemma 5.2 The area decreasing condition is equivalent to the convexity of 
S®. 

To show that the area decreasing condition is preserved, it suffices to prove 
that the convexity of is preserved. In fact, we prove the stronger result 
that the convexity of — eg' 2 ' for e > is preserved. 

We compute the evolution equation of — eg' 2 ' in terms of the evolv- 
ing orthonormal frames {F a } a= i... n introduced earlier in (|3.6|) . We will use 
indexes a, b, ■ ■ ■ to denote components in the evolving frames. Denote S ab = 
S(F a ,F b ) and g ab = g(F a , F h ) = 5 ab . Since {F a A F b } a<b form a basis for 
A 2 T£, we have 

SM(F a A F b ) = S(F a ) A F b + F a A S(F b ) = S ac F c A F b + F a A S ac F c 

— / (S ac 5 bd + S bd 5 ac — S ad 5 bc — S bc 5 ad )F c A F d and 

£Z (5-2) 

g [2] (F a A F b ) = J2( 26 ^ bd - 2S ad 8 bc )F c A F d . 

c<d 

We denote S [ ^ b)(cd) = (S ac 5 bd + S bd 5 ac - S ad 5 bc - S bc 5 ad ) and gf} b){cd) = 25 ac 5 bd - 

25 ad 5 bc . Thus the evolution equation of — eg' 2 ' in terms of the evolving 
orthonormal frames is 
d 

(-77 — A)(S ac 5 bd + S bd 5 ac — S ad 5 bc — S bc S ad — 2e5 ac 5 bd + 2e5 ad 5 bc ) 
dt 

Reaea^oLC^bd R ecea S aa 5 bd ~\~ R ebea S ad 5 ac -\- R edece S ab S ac 
ReaeaSad^bc RedeaSaa^bc RebeaSac^ad ReceaSab^ad 

H~ h ae fh aea Sf c 5 bd + h ae fh aec Sf a 5 bd + h ae fh aeb Sf d 5 ac + h ae fh aed Sf b 5 ac 

Sf b O~ad 

— 2h aea hf3 ec S aj 35 bd — 2h aeb hp ed S aj 35 ac + 2h aea hp ed S a p8 bc + 2h aeb hf3 ec S a gS ad . 

(5.3) 

Now, we are ready to prove that the area decreasing condition is preserved 
along the mean curvature flow. 

Lemma 5.3 Under the assumption of Theorem A, with S defined in \4-l\j and 
defined in 15. ty) . suppose there exists an e > such that 

S [2] _ eg m > o (5.4) 

holds on the initial graph. Then this is preserved along the mean curvature 
flow. 
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Proof. Set 

M n = S® - eg® + rjtg® . 

Suppose the mean curvature flow exists on [0, T). Consider any T\ < T, it 
suffices to prove that M v > on [0,Ti] for all r\ < If not, there will 
be a first time < to < T\ where M v = — eg^ + rjtg^ is nonnegative 
definite and has a null eigenvector V = V ab F a A F b at some point x G £f . 
We extend V ab to a parallel tensor in a neighborhood of xq along geodesic 
emanating out of xq, and defined V ab on [0, T) independent of t. Define 
/ = Ea^V^M^^, then by (Q, / equals 



^2 ( S ac9bd + S bd g ac - S ad g bc - S bc g ad + 2(r?t - e){g ac g bd - g a d9bc)) V ab V cd . 

a<b,c<d 

At (x , to); we have / = 0, V/ = and — A)f < where V denotes the 
covariant derivative and A denotes the Laplacian on H to ■ 

We may assume that at (rc ,to) the orthonormal frames {F a } is given by 
{ei} in (|3.1j) . In the following, we use the orthonormal basis {ej} to write 
down the condition / = and V/ = at (x , to)- The basis {ej} diagonalizes 
S with eigenvalues {A«} and we order {Aj} such that 

A?>A^>--->A^ 

and 



S nn - \^ >--->S 22 - > S n - ^ • (5.5) 

It follows from Lemma ()5.1|) that {ej A ej}i<j are the eigenvectors of M^. 
Thus we may assume that 

V = e x Ne 2 . (5.6) 
At (xo,to), the condition / = is the same as 

3 n + S22 = 2e - 277t > . (5.7) 

This is equivalent to 



2(1 ~ AjAp 
(1 + A?)(1 + A|) 



2(e - 77t ) > 0. 
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Thus 



AiA 2 < 1 and Ai < 1 for i > 3 . (5.8) 
Next, we compute the covariant derivative of the restriction of S on X. 

(V ei ,S)(e i ,e fc ) 
= ei(S(ej, e k )) - S{V ei e^ e k ) - S(ej, V ei e k ) 
= S(y%e d - V e fy, e k ) + S(e v W^e k - V 6i e fc ) 
= h a ijS ak + hfii k Sfij . 

So 

Sjk,i = h a ijS ak + h/3i k S/3j . 

Recall that V a b is parallel at (x ,t ) , V 12 = 1 and all other components of 
V ab is zero. At (x ,t ), V/ = is equivalent to 

= £ ^({SikSjt + SjiStk - S a 8 jk - S jh 8 a + 2( v t - e)(5 tk 5 jl - e8 a S jh ))V ij V kl ) 

i<j,k<l 

= v ep s u + v ep s 22 

= 2h ap iS a l + 2hpp2Sf32 ■ 

Since S n+q j = -Tnrw, we have 



Ai 



A 2 



(5.9) 



for any p. 

By (|5.3j) . at (x ,£ ), we have 



dt 



A)f — 2rj + 2R k i ka S a i + 2R k 2 ka S a 2 + 2h ak jh akl Sji + 2h ak jh ak 2S. 



?J2 



— 2h a hihp k iS a p — 2h ak 2hp k 2S a p. 



(5.10) 

The ambient curvature term can be calculated using Lemma 4.2 and we 
derive 



RklkaSal + Rk2kaS a 2- 



k,a 



2 A 2 2 A 2 

(h - k 2 )(n (1+ i X 2 ) 2 + + fa) Z) (i + A 2 ) 2 



(1 + A 2 ) 



(5.11) 
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This can be simplified as 



(A*-Aa)(n-l)X; 



A? 



+ (h + k 2 ) J2 



A? 



+ (fci + h) 



A 2 1 — A 2 A 2 



+ 



l-A? " 



E 

J>3 



(1 + A 2 ) 



(1 + A 2 ) 2 (1 + A 2 ) (1 + A 2 ) 2 (1 + A?) J 
2 , 2 2 



A 



r (i + a 2 ) 2 



A 



i=l 



(1 + A 



2N2 



V l-A 2 



+ {h + fe) 



(A 2 + A 2 )(1-A 2 A 2 ) 
L (1 + A 2 ) 2 (1 + A 2 ) 2 J ' 



(5.12) 



This is nonnegative by equation ()5.8|) . 

Using the relations in (|4.fiJ) again, the last four terms on the right hand 
side of (|5.1()jl can be rewritten as 

/] ^n+p,kl^ U + ^n+p,k2^22 + ^h 2 n+pkl S pp + 2h 2 n+pk2 Spp 



(5.13) 



p.k 

= ^(2/i 2 +lfcl S'ii + 2h 2 l+2kl Sn + 2h 2 n+lk2 S 22 + ^h 2 n+2k2 S 22 

k 

+ 2/i n+1)fcl iSn + 2h 2 l+2M S 22 + 2h 2 l+lk2 S 11 + 2h 2 n+2k2 S 22 ) 

+ 2h 2 n+q kl Su + 2h 2 n+q k2 S 22 + 2h 2 l+q kl S qq + 2h 2 n+qk2 S qq . 

q>3,k 

Since > for i > 2, it is clear that f)5.13j) is nonnegative if Su > 0. 
Otherwise, from ([5.7)1 . we may assume that 

S'u < 0, ^22 > and S n + S 22 > . (5.14) 

In particular, we have A 2 . < A 2 and A 2 A 2 < 1. From (|5.9)1 . we have 



h 2 

"'n+l,pl 



A 2 (l + A 2 



2\2 



:h 2 



A 2 (l + A 2 ) 2 n+2 ' p2 ' 

l(l+Af) 2 

„+!.,,! < /i 2 +2 , p2 for allp > 1. 
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Since A 2 < A 2 and A 2 A 2 < 1, we have ^ + 3Z < I . Thus 



/i 2 - ^ 2 



(5.15) 



Recall that S qq > S22 for q > 3. The right hand side of (|5.13|) can be 
regrouped as 

^ [(4^n+i,fci^'ii + ^1+2^22) + 2h,l +2kl (S u + S22) + ^h 2 n+l k2 (Su + S22) 

k 

+ [ 2 ^n+?,fel(^ll + ^99) + 2 ^n+g,fc2('5'22 + S qq ) . 

q>3,k 

This is nonnegative by ()5.5|) . ()5.14|) . and (j5.15J) . Thus, we have (4 — A)/ > 
277 > at (x , to) an d this is a contradiction. □ 

(1— A 2 A?) 

Remark: The condition M 2 ' — ec^ 2 ' > is equivalent to j 1+A 2)^ A 2) > e for all 

i ^ j. In particular, we have A 2 < - =£ . This implies that the Lipschitz norm 
of / is preserved along the mean curvature flow. 



6 Long time existence and Convergence 

In this section, we prove Theorem A. We show the quantity In *Q satisfies 
the following differential inequality 

In *tt > A In *tt + S\A\ 2 - c 3 In *f2 

for some constant c 3 > under the assumption |AjAj| < 1 — £. Utilizing 
the blow-up analysis technique developed in [TH] , we can show the long time 
existence based on the fact that In *Q is a dilation-invariant quantity that 
satisfies 

— ln*tt > A\n*tt + 5\A\ 2 . 
dt 

The convergence part follows from studying the differential inequality 

— In *f2 > A In *f2 — c 3 In *fi . 

dt ~ 



Proof of Theorem A. Since |AjAj| < 1 for i 7^ j and Si is compact, we can 

(1+A 2 )(1+A 2 ) 



(1— A 2 A 2 ) 

find an e > such that . ^, ' 2 . > e for all i ^ j- By Lemma (|5.3jl . the 



condition ^^^'^^ > e for all z 7^ j is preserved along the mean curvature 
flow. In particular, we have |AjAj| < \/l — e and A 2 < — . This implies T, t 
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remains the graph of a map ft : Ei i— ► £2 whenever the flow exists. Each / t 
has uniformly bounded |d/ t |. 

We look at the evolution equation (|3.4|) of In *fi. The quadratic terms of 
the second fundamental form in equation (|3.4|) is 

a,i,k k,i k,i<j 

= 5\A\ 2 + ^ \ 2 h 2 n+hlk + (1 " ^)l^r + 2 ^jhn +j ,ikh n+i , jk . 

k,i k,i<j 



Let 1 — 5 = yi — e. Using |AjAj| < 1 — 5, we conclude that this term is 
bounded below by S\A\ 2 . 

By equation (|4.11|) . the curvature term in (|3.4|) equals 



(fci-fc 2 )(n-l) ^ Af A Af 

2 tTa 2 + ( 1 + 2) ^ TTa? 



?2fl 



1-AJ 



+ A) 



(6.1) 



The second term on the right hand side of (jfj.ljl can be simplified as 



n \2 

. 1 + A? 



i=i 



1 - A 2 



^ 2(1 + A 2 ) ^5 2 ( X 



A? ~ A 2 A 2 



+ A 2 )(1 + A) 



5^ 2(1 

i<j v 



A 2 + A 2 — 2 A 2 A 2 



(6.2) 



+ a 2 )(i + a 2 ; 



This is non-negative because |AjAj| < 1 — 5. Thus ln*f2 satisfies the 
following differential inequality: 



— ln*fi > Aln*fi + oU| 2 . 
at 



(6.3) 



According to the maximum principle for parabolic equations, mins t In *Q is 
nondecreasing in time. In particular, *Q > min^ * Q = Qq is preserved and 
*fi has a positive lower bound. Let u = ^zi^f - ^" 5 where c is a positive 
number such that — lnf2 + c > 0. Recall that < *Q < 1. This implies that 
< u < 1 and u satisfies the following differential inequality 



d 
It 



u > Au 



5 

In fin + c 
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Because u is also invariant under parabolic dilation, it follows from the 
blow-up analysis in the proof of Theorem A ^J] that the mean curvature 
flow of the graph of / remains a graph and exists for all time. 

Using Xf < — and AjAj < y/1 — e, it is not hard to show 

(h + h) D mrmrfm - ci H A ?- ci '"IK 1 + *n <«) 

where c\ is a constant that depends on e, fci and k 2 - 
Recall equation (|3.3|) and we obtain 

^- In *f2 > A In *f2 — c 3 In *£7 . 

at 

By the comparison theorem for parabolic equations, mins t In *Q is non- 
decreasing in t and ming t ln*fi— >0ast— >oo. This implies that mins t *Q — > 
1 and max |Aj| — > as £ — > oo. We can apply Theorem B in to conclude 
smooth convergence to a constant map at infinity. 

□ 
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